Abstract In this paper we formulate an one-dimensional linear thermo-elastic (LTE) model in integral form for describing the behavior of thermally-responsive shape memory polymers (SMPs), which unifies and slightly generalizes numerous theories proposed in the literature starting with the seminal approach proposed by Liu et al. (2006) . The presented model in its most general form requires the calibration of three response functions. Detailed analysis of four types of shape memory cycles (SMCs) used to quantify the shape memory effect in thermally-responsive SMPs and the corresponding forms of constitutive relations derived within LTE model display a number of critical properties. In particular, two of three response functions may be determined in many different ways from strain and stress storage/recovery profiles measured in SMCs (the third response function may be determined from an independent test). As implication of this fact, we show that the LTE model predicts a number of inter-relations between the measured strain and stress storage/recovery profiles. All these relations are universal in the sense that for any shape memory polymer, which may be correctly described by LTE model, the strain/stress storage/recovery profiles measured in SMCs must satisfy (at least approximately) these relations. Their role within the LTE model is analogous to the role of universal relations in the theory of finite deformation elasticity. In particular, these universal relationships provide a theoretical basis for the validation of any model within the LTE class. The basic theoretical results derived in this paper are illustrated using data obtained by Liu et al. (2006) .
Introduction
Shape memory polymers (SMPs), including shape memory polymer nanocomposites (SMPNCs), are an emerging class of smart materials with potential applications ranging from biomedicine and nanoengineering to space technology [1 -10] . Compared to shape memory alloys and ceramics, SMPs have many advantages such as low density, easy processing, high fixture strain and high strain-recovery ability, wide shape transition temperature, biocompatibility, and even relatively low cost [3, 5, 8, 10] . To assist an efficient design and use of SMP-based elements and devices, it is necessary to develop
• efficient experimental procedures for the characterization of mechanical, thermal, and functional properties of this class of materials, • constitutive models that capture the key features of the behavior of SMPs subjected to arbitrary strain, stress, and temperature histories, • reliable methods for the evaluation of the constitutive models to validate models prediction with experimental results, • methodology for finding response functions in thermo-mechanical models and the calibration of material parameters from measurable data, and • computational algorithms for the analysis of particular problems.
Experimental characterization of SMPs requires the determination of their mechanical (elastic and rheological) and thermal properties as well as the quantification of the shape-memory behavior [6, 9, 11 -13] . The mechanical and thermal properties of SMPs may be determined from standard mechanical tests (tensile, shearing or bending) at different temperatures, the dynamic mechanical thermal analysis (DMTA) tests, etc.
The functional properties of SMPs are quantified by multi-step cyclic thermomechanical tests. Each cycle involves programming of a sample and the recovery of its permanent shape [6, 9, 11 -13] . Depending on the instrument used in experiment, these tests can be performed in strain-or stresscontrolled modes such as uniaxial tension, shearing or bending of suitable samples [9, 11 -13] . For the dual-shape memory effect, it is usually sufficient to determine the extent of shape fixing (shape fixity) and the degree of recovery (shape recovery), both of which can be extracted from Shape Memory Cycle (SMC) tests. In such experiments, the deformation (or programming) can be conducted by applying a force (stress-controlled mode) or a target strain (strain-controlled mode). The stress free shape recovery, on the other hand, can be carried out by either continuously heating or holding a polymer at a constant temperature until the strain reaches an equilibrium value. These different types of the shape memory cycle generate slightly different and complementary data that are needed both for the characterization of the shape memory effect in polymers and the constitutive modeling of this effect.
Macroscopic constitutive models for thermally-responsive SMPs may be grouped in two broad classes under the names thermoelastic and visco-thermoelastic models, respectively. Both classes may further be divided into subclasses depending on the range of admitted strains (small or finite). A review of various constitutive models with the discussion of their advantages and deficiencies may be found in [6, 11, 14 -17] . In this paper, we concern with the class of relatively simple models to which we refer as Liner Thermoelastic (LTE) models. All models in this class have their intrinsic limitations because time and rate effects are not considered. On the other side, more general models belonging to the second group are often too complex for technical applications. Moreover, some of these models involve a large number of material parameters having no clear physical interpretation and hence very difficult to calibrate [6, 11, 14, 15] . The reliable evaluation of the predictive ability of these models remains an open problem.
The first model in the LTE class has been developed by Liu et al. [18] for the uniaxial deformation state and subsequently extended by the same authors to general three-dimensional problems [19] . In the following years, the original Liu et al. model has been extensively discussed in the literature with numerous modifications and extensions [6, 14, 20 -27] . Interesting enough, the analysis of that literature shows that many of these presumably improved models, when tested against the Liu et al. [18, 19] data, show a less accurate prediction than the original model. This observation calls for the efficient methodology of determination of response functions and material parameters in respective models directly from measurable data.
Liu et al. [18, 19] carried out a careful experimental program to calibrate their model. However, they have made a number of assumptions on response functions that greatly reduce the need of experimental data. In particular, they determined material constants in their model through curve fitting by using the strain recovery data without making use of the stress storage data. Chen and Lagoudas [20] attempted to calibrate the Liu et al. model by using experimental data obtained by Liu et al. with a somewhat different methodology. Specifically, they do not use the abovementioned assumptions and attempt to determine the response functions with full use of experimental data for all stress/strain storage/recovery profiles measured in strain-controlled SMCs. In particular, they used both the stress measurements during cooling and the strain measurements during heating. These measurements in the whole temperature range have been fully utilized since they make no assumptions on the form of the response functions. In fact, Chen and Lagoudas [20] have shown that it is possible to use their approach to assess the reasonableness of the assumptions made in Liu et al. [18, 19] . It is rather surprising to see that the theoretical results obtained by Chen and Lagoudas are actually less accurate than the theoretical solutions obtained by Liu et al. In fact, the results of [20] coincide very nicely with the Liu et al. data for the stress storage and unconstrained strain recovery profiles (Figs 4-7 of [20] ). However, there is a far less good agreement of their results with data for the stress recovery profile (Fig. 8 of [20] ).
In this work, we present a thermomechanically based formulation of the integral constitutive equation (LTE model) for SMPs that relates arbitrary strain, stress, and temperature histories under the assumption that strains are small and time rate effects may be neglected. We next show that the proposed constitutive law unifies and substantially generalizes various models for SMPs, which have been developed following the seminal papers by Liu et al. [18, 19] . The presented model contains only three well-defined response functions that can be identified experimentally from standard shape memory cycles (SMCs). To this end, we first briefly discuss in Section 2 different types of SMCs used to quantify the shape memory properties of polymers. In Section 3, we give a compact summary of the LTE constitutive models, which includes the original Liu model as well as numerous modifications of this model proposed in the literature. The developed general theory is used in Section 4 for the simulation of the complete SMCs in both strain-and stress-controlled mode. In Section 5, we present a methodology for obtaining the response functions in the LTE model directly from the measured strain/stress storage/recovery profiles in four different types of SMCs. In Section 6, it is shown that within LTE model there exist certain theoretical interrelationships between measurable strain and stress profiles. These relations play an analogous role as the well-known universal relationships in the theory of finite elasticity (see Beatty [28] , Hayes and Knops [29] , Pucci and Saccomandi [30] ). In particular, the derived relations serve to test limitations in the predictive capability of LTE models and they may be used to valuate several factors influencing the optimal behavior of SMPs. Fig. 1 . One-way shape memory cycles represented as: a) single curve in 3D strain-stresstemperature space and b) corresponding three curves (temperature-time, strain-time, and stresstime) in the respective 2D spaces. Strain-controlled (green) and stress-controlled (blue) programming module followed by either unconstrained (solid lines) or constrained (interrupted lines) recovery process.
Characterization of the shape memory effect
Shape Memory Effect (SME) in polymers is a result of structure, morphology, and processing of a material [2, 6, 11, 16] . At macroscale, this effect is conveniently demonstrated in multiple steps experiments known as thermomechanical shape memory cycles (SMCs), cf. Fig. 1 . A detailed discussion of SMCs has been presented in [6, 9, 11 -13] . First, a polymer is conventionally processed to achieve a desired permanent shape. Then, it is mechanically deformed and fixed in a temporary shape. This process is called programming and is done by heating up, deforming in the hot state, and cooling down the material to fix the temporary shape. To trigger the memory effect, the material is heated up again above the transformation temperature to recover its original permanent shape. Depending on the instrument used in the test, the programming process can be conducted either in strain-or stress-controlled mode and the recovery process can be performed in unconstrained or constrained mode. In effect, there are four basic types of SMCs, each consisting of four main steps. This is illustrated in Fig. 1 and described below. Here it should be added that a study of the influence of viscoelastic (time and rate) effects on the shape memory behavior of SMPs requires more general SMCs that include additional sub-steps (holding time) [11] [12] [13] . However, the thermoelastic constitutive models considered in this paper do not account for such effects and therefore the standard SMC suffices to test these models.
To start the standard uniaxial SMC shown in Fig. 1 The resulting strain and stress at l θ are denoted by l ε and l σ , respectively.
• Strain-controlled mode: Strain is kept at the pre-determined strain m ε and the resulting stress ˆ( ) σ σ θ = is measured as a function of temperature (Step 2 -green).
• Stress-controlled mode: Stress is kept at the pre-determined stress m σ and the corresponding strain ˆ( ) ε ε θ = is measured as a function of temperature (Step 2 -blue). 3. Low temperature unloading process: At the low temperature l θ , the strain (stress) constraint is released resulting in a spontaneous spring back of the sample and the stress reduces to zero, 0 σ = . The corresponding strain at unloading, denoted by u ε and u ε , respectively, is the amount of strain stored in the material (Step 3 -green or Step 3 -blue). In this state, the temporary shape of the sample is fixed.
Recovery process:
The temporarily deformed sample is heated back to the high temperature h θ above tr θ . This process may be continued in one of two ways: • Unconstrained recovery process: Heating the material sample to the temperature h θ without any strain constraint. In this case, the sample tries to recover the original shape displaying the shape memory effect (Step 4a -green or Step 4a -blue). If an irrecoverable deformation was imparted to the sample during the cycle, then the resulting strain is defined as p ε and p ε , respectively, and the corresponding stress is zero for a non-constrained recovery step, 0 σ = .
• Constrained recovery process: Heating the material sample to the temperature h θ while holding the strain at u ε or u ε , respectively. In this case, the material develops a stress recovery (Step 4a -green or Step 4b -blue).
In effect, the stress storage profile ˆ( ) σ θ , the unconstrained strain recovery profile ( ) ε θ % as well as the constrained stress recovery profile ( ) σ θ % are measured in strain-controlled SMCs tests. In stresscontrolled SMCs tests, the strain storage profile ˆ( ) ε θ , the unconstrained strain recovery profile ( ) ε θ as well as the constrained stress recovery profile ( ) σ θ are measured.
The ability of a particular SMP to fix a temporary shape and to restore a permanent (original) shape are quantified by the shape fixity (also called the strain fixity ratio) f R and the shape recovery (also called the strain recovery ratio) r R , which are defined by [6, 11 -13] ,
for the strain-controlled SMC tests, and
for the stress-controlled SMC tests. Here m ε , u ε , p ε , and l ε , u ε , p ε are the strains measured in the corresponding SMCs (Fig. 1) . The quantitative analysis of both the shape fixity and recovery is a major concern in the development of shape memory polymers for specific applications. However, for the formulation of constitutive models of SMPs and for the calibration of the respective material parameters it is necessary to measure the complete strain/stress storage/recovery profiles for different values of pre-strain m ε (or pre-stress m σ ) besides the stress-strain relations at high and lower temperature.
Linear thermoelastic model
A detailed discussion of various constitutive theories belonging to the class of linear thermoelastic (LTE) models is given in [14] and further details may be found in the original papers [6, 16, 18 -27] . Here we present the mathematical generalization of all these models.
Any constitutive theory for thermally-responsive SMPs must relate the strain history ( ) ε t , stress history ( ) σ t , and temperature history ( ) θ t for any time interval 0 [ , ) t +∞ . Here ε and σ are the uniaxial strain and the work-conjugate stress, respectively. Moreover, 0 t denotes the initial time instant at which the tested shape memory polymer is in the stress and strain free state at reference temperature 0 θ . Thus, the strain, stress, and temperature histories satisfy the following initial conditions
The formulation of the linear thermoelastic (LTE) theory for SMPs is based on the assumption that the total strain ( ) ε t at any time t may be decomposed additively (see Liu et al. [18, 19] 
into the sum of the mechanical (elastic) strain ( ) e ε t , the thermal strain ( ) θ ε t , and the so-called stored or frozen strain ( ) s ε t . It is further assumed that partial strains at any time instant t are specified by the following general constitutive laws:
• the mechanical (elastic) strain depends on the current stress and temperature only and is linear with respect to stress ( ) ( ( )) ( ) ,
• the thermal strain depends on the temperature history only
• the stored strain depends on the stress and temperature histories 0 ( ) ( ( )) ( ) ( ) .
In these constitutive laws, the superimposed dot stands for the derivative with respect to time and
is the running integration time.
The simplicity of the LTE theory for shape memory polymers lies in the fact that the constitutive relations reduce to a single law of the following general form
This law gives the total strain ( ) ε t at any time t in terms of stress and temperature histories, ( )
, satisfying the initial conditions (3). The general constitutive theory for the LTE models involves three response functions each being a function of temperature only: ( ) θ α θ -the coefficient of overall thermal expansion, ( ) C θ -the instant elastic compliance, and ( ) D θ -the so-called distributed elastic compliance.
From a practical point of view, it suffices to determine these response functions in an experimental program. Various special theories in the class of LTE models differ in the forms these response functions are assumed.
Two-phase LTE models
Thermally-responsive SMPs basically consist of two phases, the frozen (rigid) and the thermally reversible (mobile) phase [2, 4, 13] . The thermally reversible phase is generally designed to have a large drop in elastic modulus on heating through the transformation temperature tr θ (the glass transition temperature g θ of an amorphous phase or the melting temperature m θ of a crystalline phase). These fundamental observations schematically shown in Fig. 2 provide the physical basis for macroscopic (phenomenological) constitutive LTE models considering SMPs as a two-phase material. Within this concept, the shape memory effect in polymers is considered as a result of two concurrent processes: a) the transition from rubbery behavior dominated by entropic energy at high temperatures (above the transition temperature, either g θ or m θ ) to glassy or semicrystalline behavior dominated by internal energy at low temperatures (below the transition temperature) and b) the storage of the deformation incurred at high temperatures during cooling.
In the mathematical modeling, these physical mechanisms are accounted for through two state variables: a') the frozen fraction function φ describing the volume fraction of the frozen (glassy or semicrystalline) phase, and b') the stored or frozen strain s ε describing the strain that is stored (memorized) in the material during freezing. In Liu et al. [18, 19] , the shape memory polymer is described as a composite material where two phases coexist in the temperature range that defines the glass transition with volume fractions, which depend on temperature only. The glassy or "frozen" phase with a volume fraction ( ) φ θ has the elastic behavior, which stems from internal energy, whereas the elastic behavior of the rubbery or "active" phase with a volume fraction 1 ( ) φ θ − originates essentially from the entropy of macromolecular chains. In the cooling step (Step 2 in SMC, see Fig. 1 ), the glass transition develops from a high temperature h θ , where (and above which) ( ) 0 φ θ = , to a low temperature l θ , where (and below which) ( ) 1 φ θ = . Discussion of various special forms of ( ) φ θ proposed in the literature has been presented in [31] . All LTE models generalizing the original formulation of Liu et al. [18, 19] are based on the temperature-dependent frozen volume fraction ( ) φ θ , which is used for evaluation the overall elastic behavior of two-phase SMPs defining their overall thermal expansion and describing the shape memory effect. In general case, the coefficient of overall thermal expansion ( ) θ α θ is assumed in the form derived from a simple mixture rule
The response functions ( ) C θ and ( ) D θ , the instant elastic compliance and the distributed elastic compliance, are given by (Reuss average)
and (incremental Reuss average)
respectively. The LTE models described by the general constitutive law (8) (9) - (11) was first derived by Chen et al. [20] as generalization of the original formulation proposed by Liu et al. [18, 19] . In recent work by Gilormini and Diani [14] , the more general forms than (9) - (11) 
Special two-phase LTE models
The constitutive relations of the original Liu et al. two-phase model [18, 19] follow from (9) 
Here G E and R E are constant elastic moduli for the glassy and rubbery phase, respectively. In addition, Liu et al. [18, 19] assumed the frozen function in a specific (empirical) form 1
where h θ is the pre-deformation temperature, f c and n are model parameters, which must be determined by data. The parameter n is dimensionless and the physical unit of the parameter f c is 1/ K . Moreover, the material constants were determined through curve fitting by using the strain recovery data without making use of the stress storage and recovery data. Nevertheless, the prediction of the model developed by Liu et al. [18, 19] agrees considerable with data measured by these authors for all three profiles (Fig. 3 and Fig. 4) .
Chen et al. [20] observed that not all five response functions appearing in the Liu et al. model (9)-(11) are independent and three combinations of these functions suffice to specify the model. A possible choice of such combinations is given by the three response functions, for the thermal strain ˆ( ), θ ε θ the instant elastic compliance ( ) C θ , and the distributed elastic compliance ( ) D θ , as presented in the general two-phase model based on the constitutive relations (9) -(11). Chen et al. [20] presented also a different methodology to calibrate these response functions by using the experimental data obtained by Liu et al. [18, 19] . Furthermore, they have shown that it is possible to use their approach to assess the applicability of the assumptions made in [18, 19] . Theoretical solutions presented in Chen et al. [20] coincide very well with the data of [18, 19] for the stress storage and strain recovery profiles. However, it is rather unexpected to see that the theoretical results for the stress recovery profiles obtained by Chen et al. [20] are actually less accurate than the solutions given in [18, 19] (see Fig. 4 ). Chen et al. [20] noted that this discrepancy might be due to measurement errors or inaccuracy of the model. [19] ) and model prediction (Liu at al. [19] and Chen et al. [20] ).
The approach of Chen et al. [20] have been followed by Volk [16] . He assumed that both moduli, ( ) g E θ and ( ) r E θ , are independent of temperature. In effect, the response functions ( ) C θ and ( ) D θ in his formulation take the forms
where G E and R E are the elastic moduli for the glassy and rubbery phases, respectively. It is interesting to note that in this special case
as may be easily verified by taking time derivative of (14) 1 . Experimental investigations by Volk [20] lack the capability to directly measure the frozen volume fraction during the experiment. As a result, the frozen volume fraction was assumed to take a shape similar to that of the shape recovery profile upon heating at zero load. Consequently, a hyperbolic tangent function is assumed for the frozen volume fraction and optimized to fit the strain recovery profile, which is used for calibration. Volk [20] tested his model against its own data but no comparison with Liu et al. model and data has been presented. [19] ) and model prediction (Liu at al. [19] and Jarali et al. [22, 25] ).
Many other authors made numerous attempts to improve the original Liu et al. model and to extend its range of applicability. In particular, in [22] and [25] , a more general constitutive law for the thermal strain was proposed while keeping the remaining constitutive relations in the original Liu et al. form. This modification gives a slightly better prediction of the stress storage profile but not of the stress recovery profile than the original model (Fig. 5) . [19] ) and model prediction (Liu at al. [19] , Siskind et al. [26, 27] and Husson et al. [24] ).
In Husson et al. [24] , the thermal strains measured by Liu et al. [19] have been interpolated using a third degree polynomial keeping the remaining constitutive equations in form derived by Liu et al.
The obtained with this slight modifications solutions give somewhat better coincidence of the results with data for the stress storage but less accurate for the stress recovery (Fig. 6 ). Still another attempt to improve the Liu et al. model has been presented in Siskin et al. [26, 27] . However, the two versions of their model tested against the Liu et al. data give rather poor predictions of the stress recovery profiles (Fig. 6 ).
At the microscale, the original Liu et al. model and its various generalizations proposed in the literature may be considered as a two-phase composite with glassy and rubbery phases having volume fractions that depend on temperature only. In addition, a uniform stress hypothesis was used in the original formulation with an inconsistency when the thermal expansion was considered. In a very recent paper by Gilormini and Diani [14] , Liu's et al. model is revisited by taking advantage of the results that have been established in theories of composite materials (Fig. 7) . As in the original Liu formulation, they considered the SMP as a composite material, where two phases coexist in temperature range that define the glass transition, with volume fractions that depend on temperature only. However, they argued that a uniform strain hypothesis is more appropriate than assuming a uniform stress as in Liu et al.
Summarizing this analysis, it should be noted that actually none of the "improved" or "extended" models proposed in the literature gives a better prediction than the original model due to Liu et al. The suggestion by Chen et al. [20] that the failure of their model may be due to measurement errors or inaccuracy of the model also does not explain this rather unexpected and certainly undesired fact. This simply means that a more reliable methodology is required for the evaluation of the LTE models. [19] ) and model prediction (Liu at al. [19] and Gilormini et al. [14] ).
Simulation of shape memory cycles
Given the relevant response functions, various special LTE models discussed in the previous Sections may be used for the analysis of the shape memory behavior of polymers, in general, and for the simulation of SMCs in both strain-and stress controlled mode, in particular. In this section, we specify the LTE constitutive law for successive steps of SMCs largely following the approach first proposed by Chen et al. [20] and subsequently used by Volk [16] and Li [21] . Our analysis is more general in that we do not use the particular constitutive relations (9) - (11) for the special twophase models but instead we directly base our considerations on the general law (8) 
Strain-controlled SMCs
The constitutive law (8) relates the strain history ( ) ε t , the stress history ( ) σ t , and the temperature history ( ) θ t and serves for determination of any one from given two others. In particular, when specified for successive steps of the strain-controlled SMCs described in Section 2 ( Fig. 1, green  curves) , this general constitutive law assumes the following specials forms. 
where ( ) h C θ is the elastic compliance computed at high temperature h θ .
Step 2. The temperature and strain history for the second step of the strain-controlled SMC are ( ) ( ) θ t θ t = and ( ) m ε t ε = in the time interval [ , ] h l t t . Here ˆ( ) θ t is the prescribed temperature evolution during cooling from high to low temperature usually assumed in ramp form ˆ( ) ( ) h c h θ t θ β t t = + − , where 0 c β < denotes the cooling rate. Then the constitutive law (8) for the second step of SMC takes the form
Since the temperature is constant in the first time interval 0 [ , ] h t t , the low integration limit 0 t in (17) has been replaced by the initial time h t of the second step. Assuming that the temperature history ˆ( ) θ t is a monotone decreasing function of time with ( ) h h θ θ t = , the constitutive law (17) may be reformulated with respect to temperature as the independent variable
Here ζ denotes the running temperature in the integration interval and ˆ( ) σ θ is a function of temperature such that ( ) ( ( )) σ t σ θ t = during the second step of SMC.
Step 3. At the end of the second step, the temperature reaches the low temperature l θ and the third step of SMC consists of unloading the sample while the temperature is held fixed at low
l u t t . By implication, the general law (8) reduces to the linear (actually, affine) form
where ( ) l l C C θ = is the elastic compliance evaluated in the glassy phase and
are thermal and storage strains accumulated during the second step. These strains are constant in the third step of SMC.
The fourth and last step of SMC involves heating of the sample either under stress free condition or at fixed strain.
Step 4a. During the unconstrained shape recovery at stress free condition, the temperature and stress history are given by ( ) ( ) θ t θ t = % and ( ) 0 σ t = for the time interval [ , ] u r t t . Here ( ) θ t % is a function describing variation of temperature during heating. In ramp form, it reads ( ) ( )
, where 0 h β > is the heating rate. In effect, the constitutive law (8) takes the form
Let us note that the temperature is constant in the sub-intervals 0 [ , ] h t t and [ , ] l u t t , and hence the integrals in (21) over these interval are zero. Moreover, with the strain function ( ) ε θ % defined by ( ) ( ( )) ε t ε θ t = % and the use of the stress profile ( ) ( ( )) σ t σ θ t = determined in the second step of SMC makes it possible to reformulate the constitutive relation (21) as
The constitutive relation (22) serves to determine the unconstrained strain recovery profile ( ) ε θ % for given temperature history at zero stress state. On the other hand, ( ) ε θ % is a function of temperature representing the unconstrained strain recovery profiles and thus it is an experimentally measurable function.
Step 4b. The last step of SMC may alternatively be carried out at fixed strain. In this case, instead of heating at zero stress, the specimen is heated at the constant strain u ε that has occurred at the end of unloading ( ) ( ) θ t θ t = % and ( ) u ε t ε = in the time interval [ , ] u r t t . The general constitutive law (8) takes the form 0 0
and serves for the stress determination during this step. The integral terms in (23) determine the thermal strain and the accumulated storage strain, respectively, at any time t in the interval [ , ] u r t t . Denoting by ( ) σ θ % the stress as a function of temperature during heating and by ˆ( ) σ θ the stress as a function of temperature during initial cooling leads to the following constitutive equation
where the integral term determines the stored strain at any temperature in temperature interval during heating. If the response functions ˆ( ) The constitutive relations (16) , (18) , (19) , (22) and (24) for the successive steps of the straincontrolled SMCs have been previously derived by Chen et al. [20] with ( ) θ α θ , ( ) C θ and ( ) D θ given by relations (9) -(11) for the two-phase LTE model (see also Volk [16] for some special cases). The considerations above show that these a priori assumptions need not be introduced at this stage of the analysis and the constitutive relations derived above apply for the response functions ( ) θ α θ , ( ) C θ and ( ) D θ of any form.
Stress-controlled SMCs
By the same arguments as in the preceding sub-section, the general constitutive law (8) may be specified for all steps of the stress-controlled SMCs (Fig. 1, blue curves) .
Step 1. A sample from the reference (strain and stress free) state to a prescribed stress m σ σ = is carried out at the fixed temperature h θ , so that ( ) h θ t θ = , and the constitutive law (8) reduces again to the linear form (16).
Step 2. The second step of SMC involves cooling of the sample with the stress held at fixed value m σ attained at the end of the first step. Accordingly, ( ) θ θ t = and ( )
h l t t and the constitutive law (8) reduces to the form
During this step, the temperature is a monotone decreasing function of time and the constitutive law (25) may be reformulated again with respect to temperature
where ˆ( ) ε θ is defined by ( ) ( ( )) ε t ε θ t = . It follows that for a given maximum stress m σ , the constitutive equation (26) serves to determine the strain history ˆ( ) ε θ for any given temperature evolution ( ) θ θ t = .
On the other hand, the function ˆ( ) ε θ represents the strain profile during the cooling process and hence it is an experimentally measurable function. This process ends when a temperature reaches the so-called low temperature ε ε θ = , which is also a measured quantity called the frozen strain.
Step 3. Unloading at low temperature, i.e. ( ) l θ t θ = in the time interval [ , ] l u t t , yields the constitutive law in the linear (affine form)
with the accumulated thermal and storage strain given by
Step 4a. Heating of the sample under stress free conditions is determined by the temperature and stress history ( ) θ θ t = % and ( ) 0 σ t = in the time interval [ , ] l r t t . The constitutive law (8) takes to the form 0 ( ) ( ( )) ( ( )) ( ) ( ) .
With the strain function ( ) ε θ defined by ( ) ( ( )) ε t ε θ t = , the use of the constant stress m σ in the second step of SMC makes it possible to write the constitutive relation (29) as ( )
Given the response functions ˆ( ) θ ε θ and ( ) D θ , the constitutive equation (30) serves to determine the strain history ( ) ( ( )) ε t ε θ t = for any given ( ) θ θ t = . On the other hand, the function of temperature ( ) ε θ represents the unconstrained strain recovery profile and thus it is an experimentally measurable function.
Step 4b. Heating of the sample at fixed strain u ε , which has occurred at the end of unloading, is specified by ( ) θ θ t = and ( ) u ε t ε = in the time interval [ , ] l r t t and the constitutive law (8) takes the form 0 ( ( )) ( ) ( ( )) ( ( )) ( ) ( ) .
Denoting by ( ) ( ( )) σ t σ θ t = the stress as a function of temperature during heating, the constitutive equations for this step reads ( )
If the response functions ( ) This gives another equation for the instant elastic compliance function ( ) C θ in terms of measured profiles ( ) ε θ % and ( ) σ θ % . The relation (36) may also be derived directly from the expressions (33) 1 and (34) 1 . Fig. 8 Elastic compliance C computed from Liu et al. [18, 19] data using the different formulae.
The elastic compliance ( ) C θ computed from the data obtained by Liu et al. [19] using equations (33) 1 , (34) 1 and (36) are shown in Fig. 8 . The scatter of computed values seen in Fig. 8b is, at least partially, due to digitalization error and possibly due to measurements inaccuracy. Moreover, it must be noted that equations (34) and (36) require the division by values close to zero and this is the main source of the observed scatter. Furthermore, the determination of the response function ( ) D θ from measured profiles requires the computation of derivative of the measured strain recovery profile and this is always problematic when data are given at discrete points. Nevertheless, there is seen in Fig. 9 a fairly good coincidence of the distributed elastic compliance computed from data with theoretical results according to the formula (12) 1 for the Liu et al. [18, 19] model. Fig. 9 Elastic compliance D computed from Liu et al. [18, 19] data using formula (33).
The response functions ( ) C θ and ( ) D θ determined either from the relations (33), (34) or (36) may next be used in numerical simulation of the shape memory behavior of polymers using the general constitutive law (8) . For the successive steps of SMCs, this law requires the solution of the integraldifferential equation, which may be reduced to the solution of the initial value problem for a first order ordinary differential equation.
It should be apparent that if the response functions ( ) C θ and ( ) D θ determined from data by the method presented above are used in numerical simulations, a better prediction of the stress storage profile ˆ( ) σ θ is to be expected if (34) is evaluated. To obtain a better prediction of the stress recovery profile ( ) σ θ % one should apply equation (36).
Next, the same analysis and corresponding results may be obtained from constitutive relations derived for the stress-controlled SMCs (Section 6.2). Specifically, using constitutive relations (26) and (30) for the Step 2 and
Step 4a of the stress-controlled SMC, the instant elastic compliance ( ) C θ and the distributed elastic compliance ( ) D θ may be expressed in terms of measured profiles as ( ) ( ) ( ) ( ) , ( The relationships (41) and (44) must be satisfied within the strain-and stress-controlled SMCs, respectively. Furthermore, using the formulae (33), (34), (37) and (38), four additional relationships between measured profiles in both tests simultaneously may be obtained ˆ( ) ( ) , ( ) ( ) 
It should be noted that the relationships (41) and (44) involve only three profiles while each of the relationships (45) -(48) involve four profiles measured in two different types of SMC tests.
All the relations (41), (44) - (48) are universal in the sense that for any SMP, which may be correctly described by LTE model, the strain/stress storage/recovery profiles measured in SMCs must satisfy (at least approximately) these relations. Their role in the theory of LTE models is analogous to the role of universal relations in the theory of finite elasticity (see Beatty [28] , Hayes and Knops [29] , Pucci and Saccomandi [30] ). In particular, these universal relationships provides the theoretical basis for an experimental validation of the LTE constitutive models.
Conclusions
Following the literature on the characterization of SMPs, we have discussed four basic types of SMCs that may be used for the experimental determination of functional properties of these smart materials. It is shown that in all four SMCs there are altogether eight stress/strain storage/recovery profiles that must be experimentally measured besides stress-strain data at high and low temperature. The measured profiles provide experimental foundations for the calibration of constitutive models for SMPs. In the case of LTE model, the independent response functions may be determined in four distinct ways using just two of the eight different stress/strain storage/recovery profiles measured in SMCs. This basic observation may be used for the calibration of the response functions, on the one hand, and for the evaluation of particular models within this class, on the other hand. Finally, we have shown that there are six universal relations between the experimentally measured profiles that must be satisfied by every SMP whose behavior is in agreement with the LTE constitutive model. Their importance lies in the fact that if any such relation cannot be satisfied by data obtained in a suitably designed SMC test of a shape memory polymer, then the behavior of this material cannot be described by any constitutive theory in the LTE class. All models within this class provide computational (theoretical) bases for the simulation of the one-way, two-shape memory effect. To account for time-dependent effects (e.g. holding times), multi-shape effects, and reversible shape changes in polymeric materials more general (visco-thermoelastic) models must be used.
